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Abstract-First. tw,' doscly n:lated probkms. shown in Fig. I. published by Chernigovsbya ( 1961.
In {ssl"doralllya po Dmamike Sooru=llenii i Raschelll Konslruklsii nu L'prug(lm o.mol'lmii (Edited
by B. G. Korencv. pp. 113-1·t). Gosstroiizdat. Moscow) and Ting (1973. J. Frank/in (nsi. 296(2).
77-S9) are discussed. It is shown that neithcr or their rormulations is correct. The aim or this paper
is to show how to correctly rormulate and solve problems or this type. Utilizing the variational
approach I'M variabk mat,hing points derived by Kerr (1976. (/II. J. Solids Slru('llIre.\· 12. III). a
I"rrnulation for the probkm analyzed by Ting is presented. that is mechanically reasonahk and
matho:matically well posed. The analytical solutll'n oht'lined is evaluato:d numeric'llly and then
o:omparo:d with rdalo:d to:st results hy Durdli cl al. (1%'1. J. Slrll('l. Dir. .·/SeE 95. 1713-1725).
TIllS paper condudes with a diso:ussilll1 "I' tho: results ohtained.

I :\TRODUCTION

The analytic;1I aspects or unhonded contact problems ror continuously supported structures
have heen discussed by Kerr (1976. 11)79). when the base response is represented by a
Pasternak foundation model. For prohlems of this type the contact region is not known 1/

priori. Consequently. the matching conditions at the point of separation must include an
additional equation for the determination of this unknown.

As an example. Kerr (1976) consioered a linite beam resting on a two-dimensional
Pasternak foundation and suhjected to vertical loads such that lin-oIl' of the beam is
possible. as shown in Fig. I. Developing variational calculus for variable matching points.
he showed that this problcm was incorrectly formulated by Chernigovsk'lya (1961). Solving
the ~ase whcn 1/(.1.') = const and I' = O. she heuristically prescribco the following matching
conditions at the separation point. x = I:

- £/11'''(1.) = -q(L -I)C/'2}
-E/lI''''(I) = q(L-/)

kll'(I) - GII·"(I) = 0
( I )

where 11'(.1.') is the vertical oellection. II" = 011'/0.1.'. G is the parameter or the shear layer. k
is the parameter of the spring layer. q is the uniform loao. '21 is the Icngth of contact of base
and beam and '2L is the Icngth of the beam. For the case of a plate strip in cylindrical
bending with II' = 11'(.1.'). El is replaced by D = £111

/[ I '2( I - \'~)l.

for the two-oimensional Pasternak rounoation mood the contact pressure is (Kerr.
196..)

p(x) = kn'(x) - GII'''(X). (2)

Thus. the thiro condition in (I) prescrihes that the pressure is zero at the point of separation.
This is not correct. The proper condition. which results from the variational formulation.
is that at x = 1 the slope of the shear layer is continuous. Therefore. the contact pressure
at the separation point may have a non-zero value. Kerr (1979) pointeo out that because
of the n:ouced order of the differential equation that governs the Pasternak roundation
response (as compared to the clastic continuum) only one of the two anticipated conditions
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Fig. I. B.:am probkm uno.:r consio.:ration.

may be satisfied. For the problem under consideration the tangency condition is the one to
he retained. and not the zero-pressure condition listed in (I).

A similar prohlcm was also incorrectly formulated later by Ting (1973). lie solved the
prohlcm shown in Fig. I for the case of q(x) = 0, by prescribing the following wnditions
at x = I:

II'(/)=O}
11'''(/) = 0 .

11''''(1) = 0
(3)

This formulation incorrectly stipulates that the deflection at the separation point is zero.
Whereas this is true for the Winkler foundation, it docs not apply to the Pasternak base
model. As a wnsequence of the lirst two conditions in (3), Ting's formulation implies a
zero contact pressure at the separation point x = I. This is not correct for the reason given
in discllssing the Chernigovskaya formulation. Another major error in Ting's formulation
is his omission of the differential equation for the base layer beyond the point of separation.

[n the following the correct formulation of Ting's problem is stated and then solved.
The closed-form solution obtained is then numerically evaluated and the results are com
pared with those of the photoelastic results reported by Durelli £'( £II. (1969).

FORMULATION OF PROBLEM

The problem to be analyzed is shown in Fig. I with q(x) = O. It consists of an elastic
beam resting on a two-dimensional Pasternak foundation that is subjected at the center to
a vertical concentrated load, P. According to the derivation by Kerr (1976), utilizing
symmetry. assuming the validity of beam bending theory. and denoting II'I(X) as the vertical
deflection of the beam axis in 0 < x < I, II' :(x) as the vertical deflection of the beam axis in
I < x < L. and 1I',(x) as the vertical deflection of the shear layer in I < x < x,. for £1 = const
and G = cons!. the following differential equations result:

EIII",V -Gil.'; +kll', = 0

£1I1'~v = 0 I < x < L
0< x < I} .

I<x<oo

The corresponding boundary and matching conditions are:

(4)
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11'\ (/) == 11'2(/)

11"\ (/) ::::: 11".(/)

11"'\ (/) == 11"'" (/)

11"'\ (/) ::::: <(I)

11"'; (/) == 11"'; (I)
11.';'(/) == 11.';'(1)

lim : II',] -+ tinite.
1: ..... '"-
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(5)

(6)

(7)

(8)

These arc the II boundary conditions for the determination of the 10 integration constants
and the. as yet. unknown length. I.

This completes the formulation of the problem under eonsideration. It is very dilTerent
to the one presented by Ting (1973). Next. the above formulation is solved.

SOLlJTIO~ OF FORM lJ I.ATI<)N

The dit1'crential equations contain only constant coeflicients. Therefore. the general
solutions arc of the form II"(X) ::::: A e"". Suhstituting this into the first dilferential equations
gives

The roots of this cquation arc

G k
lI/4 - EI "'~ + Ef == O. (9)

(9')

Three cascs may be distinguisb_cd ; namely C ~ 2Ji.:.E1.
At Iirst. the ease C < 2)kEf is analyzed. The general solutions of the three differential

equations in (4) are

II'\(X) == [..1\ cos (px)+A 2 sin (px)) cosh ("x) + [,-11 cos (px)+A 4 sin (fiX)) sinh ("X)}

11"2(X) == A j x
1 +A,x"+A 7x+A x

1I·,(.r) == ,.1" e'" +..t \11 e,l<.

( 10)

wherc

(II)

The 10 integration constants A \•...• A III and the length 1 are determined by substituting
the expressions for the II"S into the boundary conditions (5)-(8). They are:
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• P f'" , "1.... ~ =--,- ..-.... (p-+IC)[COS· (pl)-cosh- (1\/)J-2(lc -p-).
~£I(p.+I\-)-I/J1 I

A;=O; A,,=O

P
A, = .....,

2£1(lr+

AlII == O.

where

l/J == I,COS (III) sin (pi) +p cosh (d) sinh (d).

The condition for the determination of I is

(12)

( 13)

/I[(h·: -p~) sin (pi) sinh (/\/)-2hp ws (pI) cosh (h'/)I

+ (/c.: + p: )[h· sin (11/) cosh (h·/) -/' cos (III) sinh (1\1>1 = o. (14)

The wrresponding expressions for the bending nHlments. beam shearing forces and
the pressure distribution in the contact region afe:

M(x) == - Ellr'; (x)

= ~ ... {I {PI\[cos2 (p/)+cosh2 (/\/)J sin (px) sinh (/\x)+[l\z sin z (pI)
4p/\ 1/1

+ pZ sinh: (/\/)J cos (px) cosh (/\x)} - K sin (px) cosh (I\x) - p cos (px) sinh (I\X)} (15)

Vex) = - E/II.';'(x)

== -~- {~{P[2/\ZCOSZ (1'/)+(1\: -p:) sinh: (1\"/)1 sin (px) cosh (/c·x)
41\1' 1/1

+/\[2112 cosh 2 (1\/)+(/\2 _p2) sin: (pI)) cos (px) sinh (/\x)}

- (I\z - pZ) sin (px) sinh (/\.\") - 2/\11 cos (px) cosh (/\X)} (16)

and
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- =1 sin (px) cosh (I\x)- =: cos (px) sinh (I\X)}. (17)
p 1\

where

(18)

Next. the case G > 2JkEi is analyzed. The solutions of the three differential equations
in (4) Hre

H'dx) = B I sinh (:xx) + B: cosh (,;x) + 8. sinh (fIx) + B~ cosh ((Ix)

II':(X) = B<X'+Bh,\':+B,x+B~

II'JX) = B" e '" + Bill e'"

where

( 19)

ex} J(i J( (i): k
/1 = 2E1 ±2E1 - 1::1:

The integration constants B ,.", . Bill determined are

Jk
JI = (j' (20)

P
IJ I ='~~ -,'---;

2E/);(ex' -/1')

B z = "'£1 i ~ /,,-~{,;2cosh(:d)cosh(fU)-l1.llsinh(Cl/)sinh(fU)-{Jl]
L. ' ';'(';' - ,')(1'

-P
B1 = ----- i -----','

- 2£1{l(ex'-IJ")

B~ = ,_/: ,_, {lJ z cosh (:xl) cosh UU) - '.XII sinh (eLI) sinh (fU) -11. Z]
2£I/J'(l'r - If" )4)

B, =0: Br. =0

B7 = __ t._ [{I sinh (a./) - ex sinh (lJl)]
2EI{hlp

P
B~ = 2Elriz:x~';rUJz cosh (:xl) _:x z cosh (fJ/) + '.X{J/[x sinh (PI) - {I sinh (cd)]}

Pe"I, ,
B~ = 2Er{l~'~¢ [{I' cosh (:xl) - ':1:" cosh ({ll)]

where

(21 )
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4> = Pcosh (7.1) sinh (fJ!) - 7. cosh WI) sinh (111

and the condition for the determination of I is

7.tJ[:x sinh (tJl) - tJ sinh (:xl)] + 11[7. 1 cosh (fll) - IF cosh (1/)] = O. (23)

The corresponding bending moments. shearing forces in the beam and contact pressure
distribution are

+ ~ ([:x 2 cosh (:xl) cosh (f1l) -:x[l sinh (:xl) sinh (fll) - II' 1cosh (:xx)

+ [IF cosh (11) cosh (fll) - :x/l sinh (:xl) sinh (fll) _7. 1] cosh (fIX)l} (:!4)

I
+ ~ {:X[7. 2 cosh (:xl) cosh (fll) -7.ll sinh (:x/lsinh (fll) -- II' I sinh (:xx)

+ [(Jl/ II)' - I][/1' cosh (11) cosh (f1l) -7./1 sinh (11) sinh (fll) - :.:111.:0sh (fIx)} } . (26)

This completes the solution to the problem under consideration. The case G = 2,1k El
is not of interest for this study. Next. the solution obtained is compared with experimental
results.

COMPARATIVE STUOY

Amilahlc cxpcriml!nul! rl!sults
The only results located related to the problem under consideration arc those of

photoelastic tests conducted by Durelli I!t al. (1969). whidl were used by Ting (1973).
Durelli I!t al. tested beams ofdifferent lengths resting on an clastic foundation and subjected
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Fig. ~. Test sct·up hy Durdli <,I ,,/. (1969) (I in : ~.54 em).

to various loadings. Their experimental set-up is shown in Fig. 2. It consisted of a beam
made ofa hard transparent plastic (CR-39) resting on a slab ofson transparent polyurethane
ruhher (HYSOL 44~5) of the same width as the beam. The beam was suhjected to a vertical
load. l' = 140 N (31.46 Ih). placed in the center.

The clastic properties for these materials are

CR-3\)

IIYSOL-ololX5

E = 2.22 X 10" N crn 2 (3.22 x 10
1
' PSi)}

\' = 0.42

E = 362.0 N cm 2 (525 psi)

\' = 0.47

(27)

where E is Young's modulus and \' is Poisson's ratio.
The bending moments M(x) were calculated directly frorn the recorded fringe numbers.

Then. noting that

dM dV d 2 M
V(x) = --- and ,,(x) = =,

dx dx dx'

the shearing forces in the beam V(x) and contact pressure distribution ,,(x) were determined
by successive numerical ditrerentiation of M(x) with respect to x.

Durclli ('/ al. pn:sented the bending moment. beam shear and contact pressure dis
tributions in the non-dimensional normalized form

M.*(x) = 4i.M(.X.)/P}
P(x) = 2V(x)P

,,·(x) = 2,,(x) ,Pi.
(2S)

where i. = ,Yk/4EI. They determined the k value needed by using the expression derived
by Biot (1937). who matched the results for an infinite beam atlached to a two-dimensional
clastic continuum. According to their calculations. k = 27.58 N em 2 (40 Ib in - 2) and
i. = 0.1083 em I (0.275 in - I).

This non-dimensionalization was found necessary by Durelli el al. since they compared
the photoelastic results to a Winkler model. Because i. is a parameter that appears in the

SAS 28:4-0
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Winkler foundation analysis and not in the one which utilizes a Pasternak base. as con
sidered in the present paper. the non-dimensionalized graphs were converted back to their
original form. The results are shown in Figs J. 4 and 5. <IS dashed lines.

In a subsequent discussion Pandit (1970) pointed out that the contact pressure dis
tribution. as determined by Durelli (!( al. (shown in Fig. 5). contains the inaccuracies
inherent in the process of double differentiation of experimental results. and that this is
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most likely to be: the: cause of the sharp increase of the contact pressure distribution unde:r
the load. This possibility was acknowledged and accepte:d by Durelli et al. ( 1970).

Whe:n conside:ring the contact pressure distribution in Fig. 5 it should be: noted that
vertical equilibrium must be satisfie:d. Thus.

P II
~ = p(x) dx
- fl

(29)

must hold true. Whereas in the test P 2 = 70 N (31.46 Ib), the integration of the area
enclosed by the experimental contact pressure results in 92 N; this is 31 % larger than P 2.

Another problem with the experimental pressure distribution is that the point of
separation (beyond which the contact pressures are zero) corresponds to the end of the
beam, 15.24 cm (6"). This contradicts their statement that when subjected to P = 140 N.
the beam separated from the foundation at both ends. Furthermore. according to the test
moment diagram shown in Fig. 3, the point of lift-off appears to be at x = 11.2 cm (45')
from the center of the beam. Therefore. the contact pressure distribution calculated from
the bending moments recorded appears to be inaccurate near the load and should not exist
past x = 11.2 em.

lllll/parislIlI lIt'alla/.rliral allel phlllllc!aslir resulls
In order to compare the analytic results based on the Pasternak foundation model

presented previously with the photoclastic results. the Pasternak foundation parameters
must be detamined tirst. The methods for determining the foundation parameters were
recently discussed by Kerr (1985). The criterion suggested for the determination of these
parameters is that the analytical results agree as closely as possihlc with the actual situation.
for the range of loads under consideration. It was utilized by Kneil~lti (1985).

Therefore, in the following the two Pasternak parameters arc determined by collocating
the It:st results with the corresponding analytical expressions. The number of collocation
points to be used is equal to the number of unknown foundation parameters. Therefore,
two data points arc needed. For the problem under consideration the separation length I is
obtained from the test.

Because of the small size of the test beam. it is reasonable 10 assume that the ellcct of
the weight of the beam is negligible on the test response. This justifies the usc of the presented
analyses in the following comparative study. Since the foundation paramcler~ arc not
known 1I prillri. the analytical results for both cases G < 2JkEf and G > 2JkEf must be
considered.

From the test curves in Figs 3. 4 and 5. the moment distribution is most accurate, since
it was obtained directly from the test data. Therefore. it will be used for collocation purposes.
From this curve two data points arc chosen. They arc:

at XI = Oem

at x:=11.2cm(4.4in)
M 1 = 272 ~ cm (24.1 Ib in)} .
M: = Olbtn

(30)

Substitution of these values into the moment expressions given in (15) ,tnd (24). noting that
according to Fig. 3 the separation distance I = X: = 11.2 cm, results in two non-linear
equations for the determination of k and G for each of the two cases G ~ 2.jfil. Using
the IMSL routine NEQNF and a Fortran program forJhe problem under consideration
Ihe foundation parameters are found to satisfy G > 2.jkEf. They arc:

k = 9.65 N cm -: (14 psi), G = 1864.5 N (419Ib). (31 )

It is of intere.st.tg note that this solution program when used on the two non-linear equations
for G > 2./kEf did not converge. It is also noteworthy that / = x~ = 11.2 cm obtained
from the lest cur\e in Fig. 3 and the above two parameters k and G do satisfy eqn (23);
the analytical condition for the determination of I.
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The bending moments. shear forces and contact pressure distribution are then numeri
cally determined using eqns 12..H--(26). They are plotted as solid lines in Figs 3. ~ and 5.

According to Fig. 3 the photoelastic results and the analytical results agree very closely.
throughout. for the beam bending moments, although only the two extreme points (x = 0
and x = I) were matched for the determination of k and G. The disagreement of the J1,)
curves and the pix) curves seem to be caused mainly by the inaccuracies introduced by the
numerical dilfen:ntiations of the J/-test curves, as discussed previously. However. it should
be noted that the slope discontinuity at the concentrated load Pof the analytically-obtained
p(x) curve (Fig. 5) is another basic shortcomingt of the Pasternak model and is caused by
the term Gil'" in eqn (21. It is reasonable to expect that in an actual situation the contact
pressure distribution pix) will have a horizontal tangent at P: the point of symmetry.

It may be shown that the vcrtil.'al equilibrium equation

p = I-W N = 2 J~I (llx) dx
iI

is satisfied for the analytil.'al pix) expression. as anticipated.

CONClllSIO~S

Utilizing the variational approadl for variable matching points derived by Kerr ( 1976),
;1 formulation for the problem under consideration was presented that is mechanically
n:asnnahk and mathematil.'ally well posed. The analytil.'al s(llution obtained was evaluated
numerically and then compared with rclatl'd photoclastic test n:sults oy Durelli ('I al. (1%9).

It is noteworthy that although the two Pasternak foundation parameters were deter
mined by I.'ollocating two extn':lTle points on the test curve for bending moments, the
agreement is very dose throughout this curve. The agreement is only satisfactory for the
heam-shearing force distribution "(x) and the contal.'t-pressure distrihution fl (exl.'ept ncar
the load 1'). It is pointed out that this disagreement seems to be caused mainly by the
inac\.·ural.'ies associated with the numeril.'al dilkrentiation of the M-test curve.

The discussion of the im.:orrect analyses by Chernigovskaya (1961) .Ind Ting (1973).
and the prescnted solution of the correct formulation show that caution has to be exerl.'ised
when formulating problems of structures which rest on a Pastanak-type foundation .

.·khl/lJ\l1"d',III"1I1 ···This n:sean:h \\a, supp'li·ted. in part. hy the Soli Structure (ntera~tionl'roje~t\lrthe Waterw,lys
E\periment Station. U.S. Army.
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